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f*^ ' Abstract. Using the harmonic theory developed by Takegoshi for representation of 

relative cohomology and the framework of computation of curvature of direct image 
' bundles by Berndtsson, we prove that the higher direct images by a smooth morphism 

D . of the relative canonical bundle twisted by a semi-positive vector bundle are locally free 

C/5 1 and semi-positively curved, when endowed with a suitable Hodge type metric. 

Resume. Nous utilisons la theorie de representation par formes harmoniques des classes 
de cohomologie relative developpee par Takegoshi et la structure des calculs de courbure 
de fibres images directes developpee par Berndtsson, pour etudier les images directes 
. superieures par un morphisme lisse du fibre canonique relatif tensorise par un fibre vec- 

| toriel holomorphe hermitien semi-positif. Nous montrons qu'elles sont localement libres 

et que, munies de mctriques convcnablcs de type Hodge, elles sont a courbure semi- 
'"^ ' positive. 
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This is a continuation of our works [MJ [MTJ on the metric positivity of direct image 
sheaves of adjoint bundles. The goal of this paper is to prove the following 



o , 

Theorem 1.1. Let f : X — ► Y be a holomorphic map of complex manifolds, which is 



smooth, proper, Kahler, surjective, and with connected fibers. Let (E, h) be a holomorphic 
vector bundle on X with a Hermitian metric h of semi-positive curvature in the sense 
of Nakano. Then for any q > 0, the direct image sheaf R q f^Vt^jyiE) is locally free and 
Nakano semi-positive, where n is the dimension of fibers. 

A real (1, l)-form uj on X is said to be a relative Kahler form for / : X — > Y, if for 
every point y G Y, there exists a local coordinate (W; (ti, . . . ,t m )) around y such that 
w + c f*W~ 1 Ylj dtj A dtj) is a Kahler form on f~ 1 (W) for a constant c. A morphism / 
is said to be Kahler, if there exists a relative Kahler form Uf for / (see \Tk\ 6.1]). 

In case when E is a semi-positive line bundle and q = 0, Theorem 11.11 is a theorem of 
Berndtsson [HI 1.2]. In our previous paper [MT] . we obtained independently from [B], a 
weaker semi-positivity: the Griffiths semi-positivity of f ie n^ [ , Y (E) for a semi-ample line 
bundle E. Right after two papers [BJ [MTJ, especially [B] have appeared, the analogous 
statement for higher direct images has been considered as a next problem among others. 
Theorem 11.11 solves this problem for Nakano semi-positive vector bundles E. 
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For a Nakano semi-positive vector bundle E, the local freeness R q f tf VL X j Y {E) is a con- 
sequence of Takegoshi's injectivity theorem [Tkj . Here is one point where we use the 
smoothness of /. We can only expect the torsion freeness in general, by Kollar [Kolj 
( [Tk] in analytic setting). Another theorem in [Tkj shows that R q f*Q x , Y (E) can be 
embedded into fS^^E) at least locally on Y, and that R q f Jf VU X j Y (E) = for q > n. 
The sheaf f^Q^jy^E) has a natural Hermitian metric induced from a relative Kahler 
form ojf and h (at least on which it is locally free) the so-called Hodge metric. For lo- 
cal sections <j,t E H°(W, f^Cl^f, Y (E)), the inner product at y G W C Y is given by 
fx ( a \ x v) h*hy{T\x v ), where X y = is the fiber, and *h y is the "star" -operator with 

respect to to y = ujf\ Xy and h v = h\ Xy - By pulling back this Hodge metric via the injection, 
say Sj : R q f*Q X / Y (E) — > f*fl x ~^ Y (E), we have a Hermitian metric on R q f^t x , Y {E) in 
the usual sense. Our original contribution is the right definition of this "Hodge metric" 
on R q f*Q X / Y (E), and our main theorem is that its curvature is Nakano semi-positive. 

The space H q (X y ,Q Xy (E y )) has another natural inner product with respect to u y and 
h y . For cohomology classes u y ,v y G H q (X y , Q Xy (E y )), it is given by J x u' y /\* hy v' y) where 
u' y and v' y are the harmonic representatives of u y and v y respectively. These fiberwise inner 
products also define a Hermitian metric on R q f*Q X / Y (E). We first tried to compute its 
curvature, but we did not succeed it. 

We follow [B], not |MTj . for the method of computation of the curvature. Since one can 
directly see the original method in [B], let us explain how different from [B], i.e., the differ- 
ences in cases q = and q > 0. In case q — 0, the map Sj : f*Q x / Y (E) — > f*£l x ,y(E) is 
an isomorphism, in fact the multiplication by a constant. Moreover f*Q x , Y (E) is locally 
free thanks to Ohsawa-Takegoshi type L 2 -extension theorem [OTJ [O] |Maj . and the (1, 0)- 
derivative of a G H°{Y, f*Q x/Y {E)) = H°{X,Q X/Y (E)) vanishes on each fiber X y by 
simply a bidegree reason. However in case q > 0, we have no local freeness of f^Q^^E), 
nor the vanishing of the (1, 0)-derivative of a G H°(Y, f*Vl n x/Y (E)) = H°(X, n n x/Y {E)) on 
X y . To overcome these difficulties, we need to restrict ourselves to consider the image 
of Sj : R q f*Q X / Y (E) — ► f*Q x ~,y(E). Then we have a local freeness as we mentioned 
above, and the vanishing of the (1, (J)-derivative thanks to an estimate by Takegoshi [Tk]. 
This is a key fact, and which is like the <i-closedness of holomorphic p-forms on a compact 
Kahler manifold. After getting those key observations: the local freeness, the right Hodge 
metric to be considered, and the closedness of holomorphic sections, the computation of 
the curvature is a straight forward generalization of [B]. 

There are many positivity results of direct image sheaves of relative canonical bundles 
and of adjoint bundles, which are mostly about the positivity in algebraic geometry. We 
will recall only a few here. The origin is due to Griffiths in his theory on the variation 
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of Hodge structures |Grj . Griffiths' work has been generalized by Fujita [Ftj, Kawamata 
[Kalj . Viehweg [Vilj . Kollar [Kolj . and so on, in more algebro-geometric setting. There 
are also positivity results on higher direct images by Moriwaki |Mwj . Fujino [FnJ and 
so on. We refer to [Mr] [EVJ [Vi2j [Ko2] for further remarks on related results. On the 
analytic side, it can be understood as the plurisubharmonic variation of related functions 
to the Robin constant [Y] |LYj . or of the Bergman kernels [MYJ. There is also a series 
of works by Yamaguchi. As he mentioned in p3], his method is inspired by those works. 
There are also related recent works by Berndtsson-Paun [BPJ and Tsuji [Ts]. 

Acknowledgments. We would like to thank Professor Berndtsson for his correspondences 
in many occasions, for answering questions, and showing us a revised version of his paper 
[B] . A part of this work was done during the second named author's stay in Rennes. He 
would like to thank the mathematical department of Rennes for a support to stay there. 

2. Preliminaries 

2.1. Hermitian vector bundles. Let X be a complex manifold of dimension n with 
a Hermitian metric u, and let E be a holomorphic vector bundle of rank r on X with 
a Hermitian metric h. Let (E*,h*) be the dual vector bundle. Let A p ' q (X, E) be the 
space of E- valued smooth (p, g)-forms, and A^ q (X, E) be the space of E- valued smooth 
(p, g)-forms with compact support. Let * : A p,q (X, E) — ► A n ~ q,n ~ p (X, E) be the Hodge 
star-operator with respect to u. For any u G A p ' q (X, E) and v G A s,t (X, E), we define 
u A hv G A p+s,q+t (X, C) as follows. We take a local trivialization of E on an open subset 
U C X, and we regard u = t (u\, . . . , u r ) as a row vector with (p, g)-forms Uj on U, and 
similarly for v = t {y\, . . . ,v r ). The Hermitian metric h is then a matrix valued function 
h = ihjk) on U. We define u A hv locally on U by 

u A hv = u o A h jk Vk e A p+s ' q+t {U, C). 

We should write t u A hv, but if there is no risk of confusions, we will write in this way. 
In this manner, we can define anti- linear isomorphisms (j/, : A p,q (X, E) — > A q,p (X, E*) 
by \ h u = hu, and * h = % h o * : A p ' q (X, E) — ► A n - p ' n ~ q (X, E*) by * h u = h*u. The inner 
product on Aq' 9 (A, E) is defined by (u,v)h = f x u A *h,v. Denote by D h = dh + d the 
metric connection, and by 0^ = D\ the curvature of (E, h). The Hermitian vector bundle 
(E,h) is said to be Nakano semi-positive (resp. Nakano positive), if the End (-E)-valued 
real (1, l)-from \J — 10^ is positive semi-definite (resp. positive definite) quadratic form 
on each fiber of the vector bundle Tx <S> E. 

We define ^ h : A p ' q (X,E) — ► A p > q -\X,E) by $ h = - * d h * = -* h *d* h , which is 
the formal adjoint operator of d : A p,q (X, E) — > A p ' q+1 (X, E) with respect to the inner 
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product ( , ) h . We also define # : A™(X, E) — > A*~ x > q {X,E) by = - * d*, which is 
the formal adjoint operator of dh ■ A p,q (X, E) — > A p+1,q (X, E) with respect to the inner 
product ( , )h- We denote by e{9) the left exterior product acting on A p ' q (X, E) by a 
form 9 G A s,t (X, C). Then the adjoint operator e(6)* with respect to the inner product 
( , ) h is defined by e(0)* = (-1 )(*>+«) * e (£)*. For instance we set A w = e(w)*. We 



recall the following very useful relation ( |Huy[ 1.2.31] [Vot 6.29]): 



Lemma 2.1. For a primitive element u G A p,q (X, E), i.e., p + q = k < n and A^u = 0, 
the Hodge *- operator reads 

*(^ a u) = — £ — -y> ; " * A u 

(n -k-j)\ 

for every < j < n — k. 

As immediate consequences, we have 

Corollary 2.2. Denote by c n . q = ^l {n ~ q? = v /^ n ~ <? (-l)(™-<7)(™-<?- 1 )/ 2 . 

(1) Let a,b G A n ~ q '°(X, E). Then *a = (c^/q\)uj q A a, * h a = (c n . q /q\)uj q A ha, 
a = (c n - q /q\) * {uj q A a), and a A *hb = (c n ^ q /q\)u q A a A hb. 

(2) Let u G A n > q {X,E). Then u = (c n _ g /q\)u q A *u. 

rd 2 



Notation 2.3. We use the following conventions often. Denote by Cd = y — 1 
y / ^T ci (— l) d ( d_1 )/ 2 for any non-negative integer d. Let t = (t\, . . . ,t m ) be the coordinates 
of C m . 

(1) dt = dt% A . . . A dt m , dt = dt, and dV t := c m dt A dt = /\™ =1 yf—\dtj A dt~ > 0. 

(2) Let dtj be a smooth (m — l,0)-form without <itj such that dtj A = dt, and 
cS^ = dtj. 

(3) Let dtj A dtk be a smooth (m — l,m — l)-form without dtj and dtf. such that 
yf^ldtj A dtk A dtj A dtk = c m dt A dt. 

2.2. Set up. In the rest of this paper, we will use the following set up. 

Let X and Y be complex manifolds of dimX = n + m and dimy = m. Let / : X — > Y 
be a holomorphic map, which is smooth, proper, Kahler, surjective, and with connected 
fibers. Let (E, h) be a holomorphic vector bundle on X of rank r, with a Hermitian metric 
h whose curvature Oh is semi-positive in the sense of Nakano. 

(I) a general setting: / : (X,ujf) — > Y. We take a relative Kahler form ujf for /, and 
let Kf = {ujf} be the de Rham cohomology class. On each fiber X y , we have a Kahler 
form ojy = Uf\x y , and a Nakano semi-positive vector bundle (E y , h y ) = (E, h)\x v - 

(II) a localized setting of (I): / : (X,lu) — > Y C C m . We further assume that the base 
Y is a unit ball in C m with coordinates t = (ti, . . . ,t m ) and with admissible charts over 
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Y (see below). We take a global Kahler form uj = Uf + c/*(\/— 1 XI A dt^) on X for 
large c > 0, without changing the class Kf nor the fiberwise Kahler forms u y . 

Since / : X — > Y is smooth, for every point y E Y, we can take a local coordinate 
(W;t = (ti,...,t m )) centered at y, so that (W; t) is a unit ball in C m , and a system 
of local coordinates U = {(U a ; z a ,t); a = 1,2,3,...} of f^iW) which is locally finite, 
and every U a is biholomorphic to a product D a x W for a domain D a in C n ; x t— > 
(z^x), . . . , z™{x), ti, . . . , t m ), namely the projection from D a x W to W is compatible 
with the map f\ Ua . We can write z 3 a = f a/3 (zp, . . . , zfi, h, . . . , t m ) for 1 < j < n on 
U a fl Up. All f 3 a p{zp,t) are holomorphic in zp and t. We call it admissible charts U over 
W (cf. jKdl §2.3]). 

Since our assertions are basically local on Y, we will mostly use the set up (II). The set 
up (I) will be used in subsections 3.1, 3.3, 4.3 and 15.11 

3. Generalities of relative differential forms 

Let / : (X,Uf) — ► Y and (E,ti) be as in §2.21 1. We recall the complex analytic 
properties of the relative cotangent bundle flx/Y = &x/ f*^Y and the bundle of relative 
holomorphic p-forms Sl p x i Y = /\ p £I x /y- We will not distinguish a vector bundle and the 
corresponding locally free sheaf. For a subset S C Y, we denote by Xs = f~ 1 (S) and 
Es = E\ Xs . 

3.1. Definition of relative differential forms. Let U C X be an open subset. 

(1) For a form u G A p,q (U, E), we have the restriction u\x y nu £ A p,q (X y fl U, E) on each 
fiber over y EY, which is the pull-back as a form via the inclusion X y — > X. Two forms 
u,v G A p ' q (U,E) are said to be f -equivalent u u ~ f", if w|x v ni/ = w |x y nc/ for any t E Y. 
We denote the set of equivalence classes by 

A p ' g (U/Y,E) = A p ' q (U,E)/ ~ . 

The set A p,q (U/Y, E) will be called the space of relative differential forms on U. We 
denote by [u] G A p ' q (U/Y, E) the equivalence class of u G A p ' q (U, E). 

(2) A form u E A P,0 (U, E) is said to be holomorphic on each fiber, if the restriction u\x y 
is holomorphic, i.e., u\x y E H°(X y ,Q Xy (E y )) for every y E Y. A form u E A P '°(U,E) 
is said to be relatively holomorphic, if for any local chart (W; t = (t±, . . . , t m )) of Y, the 
form u A f*dt is holomorphic on X w n U, i.e., u A G n U, tt p + m (E)). 

(3) For a function a G A°(Y,C) and [u] E A pfi (U/Y,E), we can define a[u] : = 
[{f*a)u] E A P '°(U/Y,E). For each open subset W C Y, we set 

A (W, f*VL P x j Y (E)) := {[u] E A P '°(X W /W,E); u is holomorphic on each fiber}, 

H°(W,f*fiP x/Y (E)) := {[u] E A P '°(X W /W,E); u is relatively holomorphic}. 
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We can see that A°(W, f*Q p x/Y (E)) becomes an A°(W, C)-module, and H°(W, f*Q p x/Y (E)) 
becomes an if (IT, CV)-module. 

(4) It is some times convenient to use local coordinates to look at those properties 
above. Let u G A p ' g (X, E). On an admissible chart (U a ;z a ,t) as above, we can write 

u = ^2 u UadZa A dz 3 a + R, 
i€i p ,Jei q 

where u IJa = u IJa (z a , t) G A°(U a , C r ), and R G £V A p ~ 1 ' q (U a , C r )Adtj+J2j A™-\U a , € r )A 
dtj. Here we use a standard convention. We set I p — {{ii, 12, ■ ■ ■ , ip}', 1 < ii < h < ■ ■ ■ < 
i p < n}, and I is empty. For I = {ii, i 2 , . . . , i p } G I p , we denote by dz^ = dz 1 ^ A ... A dz l a . 
Similar for J G I q and dz J a . The restriction on a fiber is locally given by 

iei p ,Jei q 

In particular, for two forms u,v G A p,q (X, E), they are /-equivalent u ~ v if and only if 
Uija = Vij a for any (I, J) G I p x / g on any admissible chart (C/ Q ; z Q ,i). 

(5) Let u G T P '°(X, S). On an admissible chart (U a ;z a ,t), we have 

u = ^2 uiadz^ + R 
iei P 

as above. Therefore u is holomorphic on each fiber (resp. relatively holomorphic) if and 
only if every Ui a is holomorphic in z a (resp. holomorphic in z a and t) for any / G I p on 
any admissible chart (U a ;z a ,t). 

3.2. Holomorphic structure of fJ£l x ,y(Ei). We also give the holomorphic structure 
on f*Q x , Y (E) by an action of the <9-operator. Let (W; (t±, . . . , t rn )) C T be a local chart, 
over which we have admissible charts. Let [a] G A (IT", f t fl x , Y (E)), which can be seen as 
a differentiable family of holomorphic forms. Since (da)\x v — d(a\x v ) — 0, we can write 

as 

da = V j A dtj + A dTj 

j j 

with some rf G A P-1,1 (X^, E) and some z/- 7 G ^-"(I^,^. In particular d(a A dt) = 
J2j v-* AdtjAdt. On an admissible chart (U ;z,t) = (U a ; z a , t), we write a = Yliei <7 idz 1 +R 
with R G Y. 3 A p - lfi (U a X r )^dt r Then we have vi\ Xy nu = ("l) p Ziei P ( d(J i/ d t) Uynudz 1 
G #°(X y n [/, ^(-Ej) for every j. In particular, the class G A°(VT, is 
well-defined for [a]. For [a] G A (IT, f^ x ^ Y (E)), we define 

i 
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Here A°>\W, f^ p x/Y (E)) = A°(W, f*Q P x/Y (E)) ® A°' 1 (W, C) as A°(W, C) -module, but it 
has only a formal meaning. Then, [a] G if°(W, fS^ x / Y {E)) if and only if <9[er] = 0. In 
fact both of them are characterized by the holomorphicity of all 07 in z and t locally 

Lemma 3.1. Let (W; (t\, . . . , t m )) C Y be a local chart as above in §2.2[ Lei <r G 
£) snc/i tfia* [a] G fT°(W,/^ /y (E)). T/jen (%) 

3 

with some G A P ~ 1,1 (X W , E), 

(2) these are not unique, but G A p ~ 1,1 (Xw/W, E) are well-defined for a , 

(3) all rf\x y are d-closed on any X y , and 

(4) [B] Lemma 4.3] all rf\ Xy A u q+1 are d-exact on any X y . 

Proof. (1) is now clear. We show (2) and (3). For each j, a A dtj G A p+m ~ 1 '°(X w , E) 
is well-defined for a, and so is d(a A dtj) = A dt. Hence are well-defined for 
cr, by Remark 13.21 below. Moreover (dif) A dt = dd{a A dtj) = 0. Hence we obtain 
9{v j \x y ) = {drf)\x v = by Remark O again. 

(4) We fix j. By a bidegree reason, we can write as a A dtj A u q+1 = a J A dt with 
some a J ' G A n ' q+1 (X, E). We note that the class [a j ] G A n ' 9+1 (X/F, E) is well-defined by 
Remark IO By taking 9, we have ^ A dt A co q+1 = (da j ) A dt. Then A uj q+l ] = [da j ] 
in A n > 9+2 pf/Y, £) by Remark E21 and hence rf \ Xy A u q y +1 = d(a j UJ on any X y . □ 

Remark 3.2. For u,v G A p ' q (X w , E), a relation u A dt = v A dt implies [it] = [t>] in 
A p ' q (X w /W, E), and the converse holds true in case q = 0. 

Remark 3.3. Each cohomology class {77 3 '|x s } £ H p ~ l > l (X y) E y ) is well-defined for [a] G 
H°(W, f*fl p x / Y (E)). As it is well-known, {^\x y } is obtained by the cup-product (up to a 
sign) with the Kodaira-Spencer class of / : X — > Y at y G Y for tj-direction. However 
we will not use these remarks. 

3.3. Canonical pairing. There is a canonical pairing on each stalk f*Q J x ^ Y (E) y with 
respect to u y and h y , via the natural inclusion f*fl p x / Y (E) y C H°(X y , Q x ^(E y )). At each 
point y G 1, we have the fiberwise inner product 

g y ((Ty, T y ) := (a yi T y ) hy = / (c p / (n - p)\)u y - p A a y A h~Ty~ 

J Xy 

for a y , r y G A p '°(X y , E y ). As germs a y , r y G f^ft x , Y (E) y , we will denote by g y (cr y , r y ). On 
the other hand, as forms c y ,r y G H°(X y , VL P X (E y )), we will denote by (o- y ,r y ) hy . These 
two are the same, but our standing points are different, i.e., at a point y G Y, or on the 
fiber X v . 
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For relative forms [a], [r] e AP'°(X W /W, E) (or H°(W, f^ p x/Y (E))) over an open subset 
W CY, the above fiberwise inner product gives 

9(H M) := h{{c v /{n - P )\)u n f - p A a A hr), 

where the right hand side is a push-forward as a current. For a test (m, ra)-form (p on W 
(i.e., a smooth form with compact support), we have f*((c p /(n — p)\)u T p p /\a/\hT)((p) : = 
J x (c p /(n — p)\)ujf~ p A a A hr A f*<p. Hence the right hand side does not depend on 
representatives a nor r (see Remark 13. 2D . Since the map / is smooth, g([e>"], [r]) is in fact 
a smooth function on W. 

We remark that the definition of the pairing g depends only on the fiberwise Kahler 
forms {ijjy} y( zY- For example, over a local chart (W;t) C Y, we can replace Uf by Uf + 
c f*W~ 1 dtj A dtj) for any c G R in the definition of <?([c], [r]). The pairing g defines 
a Hermitian metric on every locally free subsheaf of f t Q x , Y (E) in the usual sense, which 
we call the Hodge metric. As a matter of fact, g itself is called the Hodge metric on 
f*Q p x / Y (E) commonly, although it may not be locally free. 

4. Harmonic theory for Nakano semi-positive vector bundles 

We collect some fundamental results of Takegoshi [Tk] . and immediate consequences 
from them. 

4.1. Absolute setting. Let (X ,ljq) be an n-dimensional compact Kahler manifold and 
let (Eq, ho) be a holomorphic Hermitian vector bundle on X . We have an inner product 
( , )h and the associated norm || \\h on each A p ' q (X , Eq). Let TC p ' q (X , Eq) be the space 
of harmonic (p, g)-forms. From Bochner-Kodaira-Nakano formula, it then follows that 
if (Eq, ho) is furthermore Nakano semi-positive and Nakano positive at one point, then 
H q (X ,tt Xo (E )) vanish for all q > 0. 

Enoki [E] and Takegoshi |Tkj (a special case of Theorem 14.11 below) show that if 
(Eq,Hq) is Nakano semi-positive, then the Hodge *-operator yields injective homomor- 
phism * : H n ' q (X ,E ) — ► H°(X Q , n x ~ q (E )). Recalling that (c n _ q /q\)u q A * u = u for 
u e A n ' q (Xo,E ), it then follows that the Lefschetz operator L q : H (XQ,tt n x q (E Q )) — ► 
H q (X , n Xo (Eo)) is surjective. Hence we have H°(X , n n Xo q (E )) = Ker L q ®* H n ' q (X , E ). 

4.2. Localized relative setting. Let f : (X,lo) — > Y C C m and (E, h) be as in g221II. 
We take a C°° plurisubharmonic exhaustion function $ = f*^2™ =1 \tj\ 2 on X. We take 
any < q < n. Following |Tkl 4.3], we set the following subspace of E- valued harmonic 
(n + m, g)-forms with respect to u> and h: 

H n+m ' 9 (X, E, $) = {u e A n+m ' q (X, E); du = Au = and e(d<S>)*u = on X}. 
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By HE 4.3.i], u G H n+m < q {X,E,<$>) if and only if tfu = 0, (^f^le(Q h + dM)A w u) Ahu = 
and e(<9$)*n = on X. One can check easily that (f*a)u satisfies those latter three 
conditions, if a G H°(Y, O y ) and if u G H n+m ' q (X, E, $). 

Theorem 4.1. [Tk, 4.3] . (1 ) The space H n+m > q (X, E, $) does not depend on C°° plurisub- 
harmonic exhaustion functions $ ; and has a natural structure of H°(Y, Oy)-mo&ule. 

(2) For u G H n+m ' q (X, E, $) ; one /ias 9 * u = and <9h * u = 0. In particu- 
lar, the Hodge *-operator yields an infective homomorphism * : 7i n+m,q (X,E,<&) — > 
H°(X,n n x +m ~ q (E)), andH n+m ' q (X,E,$) becomes a torsion free H (Y,O Y ) -module. 

Let l' : Z™ +m ' q (X,E) — ► H q (X, tt n x +m (E)) be the quotient map which induces the 
Dolbeault's isomorphism. 

Theorem 4.2. [Tk, 5.2]. (1 ) The space H n+m ' q (X, E, $) represents H q (X, VL n + m (E)) as a 
torsion free H°(Y, Oy) -module, in particular the quotient map l' induces an isomorphism 
i : H n+m < q (X, E, $) — > H q (X, tt^ +m (E)). 

(2) The injective homomorphism * : H n+m,q (X, E, $) — > H°(X, tt^ m ~ q (E)) induces 
a splitting homomorphism (up to a constant) 

* o r 1 : H q {x,n n + m {E)) — > h°(x, n n x +m - q (E)) 

for the Lefschetz homomorphism 

L q : H (X,n n x +m ~ q (E)) — ► H q (X,n n x +m (E)). 

such that (c n+m ^ q /q\)L q o * o r 1 = id. 

(3) Let u G H n+m ' q (X,E,<S>). Then the form *u G H°(X, fi" +m ~ 9 (£)) is saturated in 
base variables, i.e., *u = a u A dt for some [o~ u ] G H°(X, {^^(E)) (see the proof of [Tkl 
5.2.ii]j. In particular, u = (c n+m - q / q\)u) q A o u A dt and the map u \— > [er u ] well-defined. 
Thus the Hodge ^--operator induces an injective homomorphism 

In Theorem 14.21 (3). we used our assumption that / is smooth. 

We take a trivialization Oy Q™ given by 1 i— > dt, which induces isomorphisms of 
sheaves f^/y — ^x/y ® /*^y — fi^ +m ^y [m]«iiA dt, and hence of cohomology groups 
a q : H q (X, VL x i Y (E)) H q (X, VL n x m (E)). We also have an injection ft™" y — ► fi" +m ~ 9 
by [<t] i-> a A dt, and hence an injection (3° : H°(X, Vt n x q Y (E)) — ► H°(X, Vt n x m ~ q (E)). 
Combining with Theorem 14.21 we have 

r 1 o a q : F 9 pf, fi£ /y (£)) =5 # 9 (X, =5 H n+m ' 9 (X, £, $), 

* = 0° o S"* : H n+m ' q (X, E, $) — > #°(X, — > #°(x, ^ +m - 9 (E)), 

(a ff ) _1 oL« : #°(X,ft" +m ~ 9 (£)) — > H q (X, il x ^ m (E)) H q (X, Vt x/Y (E)). 



10 

Then Theorem 14.21 (2) reads the following relative version: 



Corollary 4.3. Let 

Sj = S q o r 1 o ofl : H q (X, n n x/Y (E)) — ► H°(X, n n x/Y (E)), 
L q = (a*)- 1 oi'ojJ : tf°(X, tf^(tf)) — H q (X, Q X / Y (E)). 
Then (c n+m _J q\)L q o Sj = id on H q (X,{l x/Y (E)) . 

We can also see, thanks to [Tkl 5.2.iv] (see also [Tk[ 6.5.i]) that those constructions can 
be localized on Y, and induce homomorphisms of direct image sheaves. 

Corollary 4.4. There exist homomorphisms induced from the Hodge ^-operator and the 
Lefschetz homomorphism: 

Sj : R q f*Q x/Y (E) — > Un n - Y {E), L q : — > R q f*Q x/Y (E) 

so that (c n+m - q /q\)L q o Sj = id on R q f*fl X / Y (E) . In particular 

f*Q n x/Y (E) = F n ~ q © JC n ~ q , with F n ~ q = 1m Sj and JC n ~ q = KerL q . 

We translate some results above into explicite forms. 

Lemma 4.5. Let a G A™- 9 '°(X, £) such that [a] G H°(Y,F n ~ q ). Then (1) 

d h a = ^ /i- 5 A di, 
i 

for some fiP G A" -9,0 (X, E), 

(2) these [i 3 are not unique, but \pP] G A"~ q,0 (X/Y, E) are well-defined for a, and 

(3) dh y (^\x y ) = on any X y and all j. 

Proof. There exists u G H n+m ' q (X, E, $) such that *u = a A di G ^ +m_9 (^)). By 

Takegoshi: Theorem 14. 1[ we have 9^ * u = 0. Hence (d^a) Adt = dh*u = 0, and we have 
(1). We can show (2) and (3) by the same method in Lemma [3.11 □ 

Remark 4.6. Unlike in the case q = that is treated by degree considerations [HI §4], we 
used the semi-positivity here. In general, for [a] G H°(Y, f*Q x ~^ Y (E)) with q > 0, we can 
not have d^a = fi 3 A dtj for some fi 3 G A n ~ q,0 (X, E). This is in fact a key property, 
and it makes various computations possible. We also note that rf in Lemma 13.11 and \i 3 
are not well-defined for a class [a] G H°(Y, F n ~ q ), and that means, we have some freedom 
of choices in a class. 

Stalks or fibers at a point y G Y will be denoted by f*Q x ~/ Y (E) y ,Fy~ q ,JC y l ~ q respec- 
tively. Those stalks can be seen as subspaces of H°(X y , Q x ~ q (E y )), i.e., Fy~ q © /C™~ 9 = 

Un x y Y (E) y GH"(x y ,n x - q (E y )). 
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Lemma 4.7. Leta y G F'y~ q andr y G KL y ~ q , and regard them as elements ofH°(X y ,Q 7 ^ q (E y )). 
Then, (1) d hy a y = in A n ~ 9+1 '°(X y , E y ), 

(2) uu q y f\T y e A n ' q (X y , E y ) is d- exact, and 

(3) (a y , r y ) hy = fxfa-q/qtyw* A a y A h y — y = 0. 

Proof. We will argue at y — 0. 

(1) Since Y is a unit ball in C m , there exists [a] G H°(Y, F n ~ q ) such that <t|x — °o- 
By Lemma l4"75l we have <9/i (cr|x ) = 0- 

(2) We take [r] G H°(Y,}C n ' q ) such that r| Xo = r . We have L q f ([r}) = 0. Recall the 
definition of L q = {a q )~ l o L q o where /3°([t]) = t Adt, and (a 9 ) -1 is an isomorphism. 
Then we have L q o /5°([r]) = in H q (X, fi" +m (E)), namely uj q A r A dt = da for some 
a G A n+m ' <7 ~ 1 (X, £"). By a bidegree reason, a can be written as a = b A dt for some b G 
A n ^ q ~ 1 (X,E). Then (oo q Ar-db) Adt = 0. By restricting on X Q , we have UqAt — db = 0, 
where b = b\x - 

(3) By (2), we have J Xq Uq A a A h T^ = J x ^ a A h db . Since d(a A h b ) = 
(dh o~o) A hob + (— l)"~%o A h db , and since dh o~o = by (1), we have J Xq cr A h db = 
(-l) n - q J XQ d(c-oAhoW ) = 0. □ 

4.3. Local freeness. We shall show that the direct image sheaves R q f*Q X / Y (E) are 
locally free. This is an immediate consequence of a result of Takegoshi [Tkj . We start 
with recalling a general remark. 

Lemma 4.8. Let X and Y be varieties (reduced and irreducible) , f : X — > Y be a proper 
surjective morphism, and let S be a coherent sheaf on X which is flat over Y . Assume 
that the natural map <p q (y) : R q f*£ <8> C(y) — > H q (X y ,£ y ) is surjective for any y G F 
and any q > 0, where X y is the fiber over y, and S y is the induced sheaf ( \H.&\ 111.9 A]). 
Then R q f*£ is locally free for any q > 0, and <p q (y) : R q f*£ <%> C(y) — > H q (X y ,£ y ) is an 
isomorphism for any y dY and any q > 0. 

Proof. By |Hal 111.12.11(a)] (cohomology and base change), the surjectivity of (f q (y) im- 
plies that it is an isomorphism. By [Hat 111.12.11(b)], the local freeness of R q f*£ in a 
neighborhood of y G Y follows from the surjectivities of <p q (y) and of ip q ~ l (y). 

We can find the corresponding results in the category of complex spaces, for example 
[BSl III.3.4, III.3.7]. □ 

Lemma 4.9. (cf. [Tk, 6.8]; Let f : (X,u f ) — > Y and (E, h) be as in $£2\I. Then 

(1) the natural restriction map R q f*Q x , Y (E) — > H q (X y ,Q Xy (E y )) is surjective for 
any y EY and any q > 0, and 
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(2) R q f*£T x/Y (E) is locally free for any q>0, and (p q (y) : R q f*Q» /Y (E) <g> C(y) — ► 
H q (X y , Q Xy (E y )) is an isomorphism for any y G F and any q > 0. 

Proof. (1) Fix y G Y. Since our assertion is local on Y, we may assume that Y is a 
unit ball in C m with coordinates t = (ti, . . . ,t m ) centered at y = {t = 0}. We take a 
trivialization Oy = Q Y given by 1 i— *■ dt — dt\ A ... A dt m . For every i with 1 < i < m, 
we let Yi = {ti = . . . = ti = 0} be a complex sub-manifold of Y, Xj = J" 1 ^), and 
let fi : Xi — > Yi be the induced morphism. We denote by X = X, Y = Y and 
/o = /. By the injectivity theorem of Takegoshi with F = Ox in |Tkl 6.8.i], the sheaf 
homomorphism R q fo*{foh) ■ R q f*VL n x/Y (E) ® fijf — > R q f*VL n x/Y (E) ® n?? induced by 
the product with the holomorphic function f*t\ is injective for any q > 0. Hence the 
restriction map R q f *Q x , Y (E) — ► R q fi*(Q x / Y (E) ®Ox x ) is surjective for any q > 0. By 
the adjunction formula, we have Q X /y ® = ^Xi/n- Hence inductively, we obtain a 
surjection R q f,Q x/Y {E) — > H q (X y , Q Xy (E y )). 

(2) This follows from (1) and Lemma [4.81 □ 

5. The Hodge metric 

We shall define a canonical Hermitian metric on R q f*Q X / Y (E), and compute the metric 
connection and the curvature. §5.11 will be discussed in the global setting §2.21 1. and the 
rest of this section will be discussed in the localized setting §2.2[ II. 

5.1. Definition of Hodge metrics. We define a canonical Hermitian metric on a vector 
bundle R q f*Q X / Y (E), which we call the Hodge metric. 

Definition 5.1. Let / : (X,u f ) — ► Y and (E, h) be as in §2211, and let < q < n. For 
every point y G Y, we take a local coordinate W — {t G C m ; \\t\\ < 1} centered at y, 
and a Kahler form u = uj + cf*(\/—l J] dtj A dtj) on .XV for a real number c. A choice 
of a Kahler form to gives an injection := Sj : R q f*Q X / Y (E) — > f^Q,^j Y (E) over W 
(Corollary 14.41) . Then for every pair of vectors u y ,v y G R q f*Fl x , Y (E) y , we define 

g(lly,Vy) = / (C n — q 

J Xy 

Here the right hand side is the restriction on the image of of the canonical pairing, say 
g again, on f*Q x ~ Y (E) y in $L31 

The injection = Sj : i? 9 f*Q x , Y (E) — > /*fi^y(i?) over W may depend on the 
choices of Kahler forms in the relative Kahler class {cu/}, however 

Lemma 5.2. In the situation in Definition \5.1\ the induced metric g on R q f*Q x , Y (E)\w 
via = S q f : R q f*Q x/Y (E) — ► over W does not depend on the choice of a 
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Kahler form u in the relative Kdhler class {uif\x w } G H 2 (Xw,R) so that oj\x y = ^f\x y 
for any y G W , and hence g defines a global Hermitian metric on R q f*Q X / Y (E) over Y 
by varying y EY . 

Proof. It is enough to check it in case u y = v y . We may also assume that Y = W C C m . 
We take two Kahler forms lj x and uj 2 on X, which relate ui x — uo 2 = f*\/—lddip for some 
i> G A°(Y,R). 

(i) We need to recall the definition of Sj. Let u G H°(Y, R q f*tt x/Y (E)) S H q (X, n n x/Y {E)) 
be an extension of u y . With respect to u>i, we denote by the Hodge *-operator, by 
Tl n+m ' q (X, Ui, E, $) the space of harmonic forms in Theorem 14.11 with $ = /*||t|| 2 , by 

a : H n+m ' q {X, Ui, E, $) =5 H q (X, fi" +m (£)) the isomorphism in Theorem 0(1), and by 
S, the injection S| : R q f*Q x , Y (E) — > f*Q x ~/ Y (E). We have isomorphisms 

Hi = l- 1 o a q : # 9 (X, n n x/Y {E)) =5 ?T +m ' 9 (X, ^, £, $) 

(see the argument before Corollary 14.31) . Then we have *{Hi{u) G H°(X, Vt n x m ~ q (E)), 
and *{Hi(u) = o~i A dt for some [o"j] G H°(X,Q r x ~, Y (E)). Namely Si (it) = [o~j\. In this 
setting, our lemma is reduced to show that 

f # (uf A o"i A Hal) = /*(o»| A cr 2 A /ioj). 

This is reduced to show § x (f*0)u\ A Oi A dt A /icxi A dt = J x (f*(3)uJ 2 Aa 2 Adt A ho 2 A dt 
for any /3 G A°(Y, C) with compact support. We take such a (3 G A°(Y, C). 

(ii) Since the Dolbeault cohomology classes of Ti x {u) and H 2 (u) are the same, there 
exists a G y4 ri+m '' J ~ 1 (X, E) such that Hi(u) — H 2 (u) = (c n+m - q / q\)da. Recalling Corollary 
12.21 (2) that Hi(u) = (c n+m _ g /g!)cjf A *iHi(u), we have uo\ A *{H x (u) — uj\ A * 2 7i 2 (u) = da, 
and hence u;* A a x A dt — u> 2 A a 2 A dt = da. 

By a degree reason in the base variables, we have f*(d/3) A dt = 0. Hence d((f*f3)a A 
ha x A dt) = (f*P)daAha x Adt+(~l) n+m+q ~ 1 (f*p)aAhd h (a 1 Adt). We also have d h (a x A 
dt) = d h *! H x {u) = by Theorem O (2). Hence J x (f*p)da A ha x A dt = j x ~d((f*(3)a A 
ha x A dt) = by the Stokes theorem. Then the relation oj\ A o x A dt = uj\ A a 2 A dt + da 
implies that J x (f*f3)ujf A a x A dt A ha x A dt = J x (f*/3)u 2 A o 2 A dt A ha x A dt. 

(iii) Now we use u x — u 2 — f*\^lddip. This leads J x (f*P)uJ 2 A a 2 A dt A ha x A dt = 
J x (f*/3)uJ q Aa 2 AdtAhox A dt. The last integral equals to J x (f*/3)a 2 AdtAhul A o~ x A dt = 
J x (f*f3)o~ 2 A dt A hio\ A a 2 A dt + f x (f*/3)cr 2 A dt A hda. By a similar manner as above, 
mainly because of dh(a 2 A dt) = dh *2 ^(u) = 0, we can see f x (f*/3)o- 2 A dt A hda = 0. 
We finally obtain j x (f*f3)ul A a x A dt A ha x A dt = j x {f*(3)u q 2 A a 2 A dt A ha 2 A dt. □ 

At this point, we have the so-called the metric connection (or the Chern connection) 
D g of the Hermitian vector bundle (R q f*Q X / Y (E),g), and the curvature 6 9 = D 2 g . Since 
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the curvature property in Theorem 11.11 is a local question on the base Y, it is enough to 
consider in the following setting: 

Let / : (X, u) — > Y C C m and (F, h) be as in §22111, and let < q < n. We denote 
by F = F n ~ q the image of Sj : R q f^ n x/Y (E) — > /*fi^(F) with respect to u. Since, 
by definition, the canonical pairing g on f^ x ~j Y (E) gives our (R q f^fl^^^E), g), we say 
a sub-bundle 

(F,g)c(f*n n x - /Y (E),g). 

5.2. The metric connection. We shall construct the metric connection D g of {F,g). 
Recall Lemma |45] that d h a = £\ ^ Adtj with some pt? G F) for [a] G F°(Y, F). 

Since A°(Y,F) = A°(Y,C) ® H°(Y,F) as C) -module, this formula holds for [a] G 

A°(y, F), too. We consider the fiberwise orthogonal projection P y : A n ~ q,0 (X y , E y ) — ► F y 
given by u y \— > Yl]=i 9yi u y> a jy) a jyi where ai y , . . . , Og y G F y is a basis of F y . Since F is 
locally free, the family {P y } yeY induces a map 

P : A n - q '°(X, E)—^{ue A n - q '°(X, E); u\ Xy G F y for any y G F} 

Then for [cr] G A°(Y, F) with cV = J2j A <%, we defme 

d g [a] = J2[P(^)]dt 1 eA 1 '°(Y,F). 

Lemma 5.3. The class [P(/i J )] is well-defined for [a] G A°(Y,F). 



Proof. (1) We shall show that fi 3 \x v are perpendicular to H (X y ,Q x ~ 9 (E y )) under the 
condition [a] = [0], namely a\x y = for any y G Y. We write as a = o~j A fit,- 
with some cij G y4 n_9_1 '°(X, F). We note that we can take /i J = dhO~j. We take any 
s G H^{XySl n ^{E v )). Then A A V) = ^ A d hy (a 3 \ Xy ) A V + A 
°iU H Ahyds. Because of 9s = 0, we have ^((Sftcr,-)^, s) = (c n _ ? /g!) u q Ad hy (o-j\ Xy ) A 
V = (c n _ g /g!) j Xy d(to q A o-j-lx, A h y s) = 0. 

(2) The above (1) is enough to show that [P(/j, 3 )] is well-defined. But in fact, (1) said 
slightly more. □ 

Lemma 5.4. The sum D g := d g + d is the metric connection of the Hermitian vector 
bundle (F, g). 

Proof. It is not difficult to see that it is a connection. Let us check the compatibility 
with the metric g. Let [cr], [r] G H°(Y,F), and write d^r = Ylij^i T ) A dtj. Then 
dg([a], [T]) = /*((c n _ g / 'q\)u q A a A hd^) = £\ f\((c n _ q / q\)u q A a A hJH^))^. 
Since cr^ G F y , the last term becomes J?. f*{{ c n-q/ c fi) ujq A a A hP(^(r)))dtj, and it is 
Sjfl'CM) [-f , (/ i " 7 ( T ))])^i- I n the notation of §2.1[ we can write as g([o~], [r]) = [a] A g[r] 
a nddg([a],[r]) = [a]Agd g y]. □ 



15 



5.3. Curvature formula. We describe the Nakano semi-positivity of a Hermitian holo- 
morphic vector bundle. Since it is a local property, we will discuss on a local chart. 
Let Y C C m be a unit ball centered at with coordinates t = (t\, . . . ,t m ), and let 
F = Y x C l be a trivial vector bundle with a non-trivial Hermitian metric g. (This 
(F, g) may not necessarily be our original bundle.) We write 9 g = Yl ®jkdtj A dtk with 
Ojk G End (Y, F). Then (F, g) is Nakano semi-positive at t — 0, if and only if for any ten- 
sor 8 = J2T=i d l dt o ® °"° e (?V ® F )o> we have = Ei,* 9o(®jkVj, a*) > °- Moreover 
the last quantity can be obtained another way from local sections. If a, r G H°(Y, F), we 
have ^9(o,r) = g((d g <rY, (d g r) k ) - g(Q jk a,r), where d g a = YAjl^ydl, G A 1,0 (Y, F) 
and so on. Hence if a and r are normal at with respect to g (i.e., <9 9 cx = d g r = at 0), 
we have (apfr#(°"' r ))l*= = -9o(®jko\t=o,T\ t=0 ). 

Notation 5.5. (1) Let V be a continuous (m, m)-form on Y C C m . Then we can write 
V = v{t)dV t with a unique continuous function v on Y, and we define V^ = o := v (0). 
(2) Associated to m-ple <7i, . . . , <7 m G H°(Y,F), we let 

In case all aj are normal at t — 0, we have v 7 — l<9<9T(er)i =0 = — ^ ■ fc ^(©ifc^iUoi °fc|aso)- 
Hence we have 

Lemma 5.6. [Bj §2] A Hermitian vector bundle {F,g) on an open subset Y C C m zs 
Nakano semi-positive at t = 0, if for any m-ple vectors cr° , . . . , cr^ G Fq, there exist exten- 
sions o~j G H°(Y, F) of o-j, all of which are normal at t = and satisfy \/—lddT(a)t=o < 
0. 

We go back to our original situation. We prepair the following notations. 

Notation 5.7. Let / : (X, u) — ► Y C C m and (E, h) be as in 011. Let ai, . . . ,a m G 

A n - g ' (X,E) such that fo] G H°(Y,F) for all j. 

(1) We set 

ct = cr j AdtjE A n ~ q+m ~ 1,0 (X, E). 

Then 

^(M) = ^^([^,[cr fe ])dt7^^=/*((cjv/9 ! KAaA/i?). 

Here N = n — q + m — 1 . 

(2) We write c^cr, = EfcA'j A Then 

<9/iCr = fij A dt =: jj A dt 

3 
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with n e A n - q >°(X,E), or rather [fi] e A n ~ q >°(X/Y, E). 
(3) We write d<Tj = J2 k Vj A dt k . Then 

da = ^2 Vj A dt =: 7] A dt 

j 

with r] e A n ~ q ~ 1 ' 1 (X, E), or rather [rj\ e A n ~ q ~ 1 ' 1 (X/Y, E). □ 
Lemma 5.8. (cf. [HI (4.4) ]) In Notation \5.7[ one has 



■lddT([a]) t=0 = M(c N /q\)u q AV^ie h AaAha) t=0 



{c n - q /q\)(u g A fi A hp)\xo - / (c n - q /q\)(uj q A r] A hrj)\ Xo . 
Xq J Xq 

Remark 5.9. The first term comes from the curvature of E, and contributes positively. 

The second term is — 1 1 A* I -X"o 1 1 ft. ' anc ^ ^ can ^ e seen as ^ ne " secon d fundamental form" 
of F C {J teY A n ~ q ' Q (Xy, Ey) at t = 0. This negative contribution will be eliminated by a 
careful choice of forms o~j, in §6.21 

The third term is not a definite form. In general one can write r]\x as a sum r)\x = 
t]' +ujoAt]q for primitive forms rj' Q and r}' Q ' on X , and then — j Xo (c n - q / q\){uj q Ai] Ahrj)\x = 
II 1 1 ho — ll^ollfeo" §6.21 we will show that we can take Oj so that all r]j\ Xo and hence 
r)\x are primitive on Xq. In that case, the third term is — f x (c n - q / q\){oj q Arj A hrj) \x = 
IMx ||L > 0. We should read the Kodaira-Spencer class contributes positively. 

Proof of Lemma 15. #1 The proof will be done by direct computations. We first note that 
f*{oj q A da A ha) = f*{uj q At] A dt A ha) = as an (m — l,m)-current on Y, because 
it contains dt. By the same reason, we have f*(u> q A a A hda) = 0, and hence, by 
taking d, we have f*(io q A a A hd h da) = — {—\) N f lf {uj q A da A hda). Then we have 
df*(u q A a Aha) = {-l) N ' f t (u q A a A ht\a), and then 

ddf* (oo q A a Aha) = (-l) N f*(u q A d h a A ht\a) + f*(co q A a A hdd h a). 



Since d h d + dd h = e(G h ), we have f*(u q A a A hdd h a) = /* (oo q A a A hO h A a) - f*(uj q A 
a A hd h da). Using /*(u/* A a A hd h da) = -(-l) N f*(uj q A da A hda), we can write 

ddf m (u q A a Aha) = -f*(u q A & h A a A ha) + (-l) N+ ( n - q ) m f*(u q A /j A hp A dt A dt) 

+ (-l) N +( n - q ) m f^u) q A T] A hrj Adt A dt) . 

Here we mind that \J — 10/j is real. Hence — \Z^lddf^.((c^/q\)uj q A a A ha) is 

f*((c N j q\)u q A v / -T©h A a A ha) - f*((c n ^ q / 'q\)u q A p A hp A c m dt A dt) 

- /*((c„V<?! V 9 A rj A hrj A c m dt A dt). 
By taking their values at t = 0, we have our assertion. □ 
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6. Normal and "primitive" sections, and the proof of Theorem 11.11 
Let / : (X, u) — ► Y C C m and (E, h) as in jLlII, and keep the notations in g5j 

6.1. Effect of normality. We control d^a at one point for [cr] G H°(Y,F), when it 
is normal at t — 0. Recall <9h(T = 57J)U J ' A g?£j with some /i- 7 G A n ~ q,0 (X, E). To go 
further, we need a genericity condition over the base Y . We will assume that the function 
y i— > dim if (X y , f^" 9 (£",,)) is constant around t = 0. This assumption implies that 
f*Vt n ~iy (E) is locally free around t = 0, and that the fiber (£"),, coincides with 

H°(X y , n n ~ y \E y )) around t = ([SEl 10.5.5], [Ha, III §12]). In case q = 0, i.e., the case in 
[B| §4] , this assumption holds true thanks to Ohsawa-Takegoshi type L 2 -extension theorem 
[HT] P [Ma]. Recall Corollary UJ that f*Q x ~^(E) = F@KL, where /C = IC n ~ q = KerLj. 

Lemma 6.1. Assume that the function y i— > dimif°(Xj y , zs constant around 

t = 0. Let [cr] G -f/"°(y, .F) with dhC = ^2fJp A dtj, and suppose d g [a] = at t = 0. JTien 
a// /i J |x are perpendicular to H°(X , fl x ~ q (E j). 

Proof. We will use notations in §4.11 for (X ,ujq) and (E ,h ). Let ( , be the in- 
ner product of A n ~ q,0 (X , E ) in terms of the metrics Uq and h$ on X . We have 
H°(X , f2^~ 9 (-E )) = F © /Q>> which is an orthogonal direct sum by our assumption 
and by Lemma 0(3). We fix j. Let /i j \ Xo = r + a G A n - g -°(X , F ) be the Hodge 
decomposition of forms so that r G #°(X , n x ~ o q (E )) and a G ^A"" 9 ' 1 ^, J5b). We 
would like to show that tq = 0. 

Since d g [a] = at t = 0, namely all /i fc |x are perpendicular to F , it follows that r G /Co 
by Lemma S2](3). Then A r = 96 for some b G A n ' 9_1 (X , -K ) by Lemma S3] (2). 
Combining with Lemma 1431 that dh {^\x ) = 0j we have f x Uq A /^[xo A /io^o = by 
integration by parts as in Lemma 13771 (3). Then ||t ||^ = (r + a , i~ ) ho = f x (c n - q /q\)ujQ A 
A^'|x A = 0, and hence r = 0. □ 

Lemma 6.2. Let [a] G H (Y,F) with d^o = ^ 'A dtj, and suppose that ^\x is 
perpendicular to H°(X ,Q x ^ i q (Eo)) for some j. Then there exists £q G A n ~ q ~ 1,0 (X , E ) 
such that dh H = ^\x an d that <9£q is primitive. 

Proof. We will use notations in §4.11 for (Xq,ljq) and (Eo,ho). Recall Theorem 14.11 
with dimF = that the Hodge *-operator yields an injective homomorphism * : 

h^(x ,e ) H%x ,n n x -\E )). 

We consider u := Uq A /J?\x £ A n ' q (X , E ), and recall (c n _ g /c/!) * u = lJ?\x - Let 
u = a + db + $h c be the Hodge decomposition of forms so that a G H n ' q (X , E ), b is 
$/i -exact, and that c is <9-exact. 
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We first show that db = 0. Using integration by parts and by Lemma [4.51 (3). we have 
f x db A ho/J\x = 0. Since ||<96||^ o = (db, u)h = J Xo db A *h u, and since the last term is 
c n _ q g! f x db A hofJ^\x = 0, we have db = 0. 

We next show that a = 0. Recall in general, (v,w)h = (*ov,*ow)h holds for v,w G 
A p *(X ,Eo) ( |Huy| 1.2.20]). Since i? ho c G {H n ' q (X , E )) L the orthogonal complement in 
A n ' q (X ,E ), we have * (^ C ) e (*o^ n,<? (^o, -^o))" 1 - We also have * u = c~^ q q\[i j \ Xo € 
H°(X , Q x ~ q (E )) x C (* n n ' q (X , E )) ± . On the other hand * a G * H n ' q (X , £ ), hence 
the both sides of = *ow — *o("#/i c ) have to be 0. 

Now we had u = $h c for a 9-exact form c G A n,l3+1 (Xo, E Q ). By the Lefschetz isomor- 
phism on forms ( |Huy] 1.2.30]), there exists £ G A n_9 ~ 1,0 (X , E ) such that c<^ +1 A f = c. 
We have i^o +1 A <9£ = <9c = 0, namely <9£ is primitive. We also have * c = * (u;q +1 A £) = 
c n- g -i(<? + !) ! £ by Lemma O Then /i 3 \ Xo = (c n _ 9 /g!) * w = (c n _ ? /<?!)(- * ° *o 
c\ (* c)) = -(-l) n - 9 (cn- g /g!)«9/ l0 (c r ;^_ 1 (g + 1)!£) = -yf=l{q + l)d ho C We finally take 

e = -v / ^T(g + i)e □ 

6.2. Existence of strongly normal and "primitive" sections. Here we state a key 
result for the curvature estimate of our Hodge metric, as a consequence of Lemma [3TT1 and 
Lemma 16.21 The part (I) of Proposition 16.31 below in fact holds not only for F, but also 
for any locally free subsheaf of f^ft^lyiE). The property (3) (respectively, (4)) below will 
be referred as "primitive" (respectively, strongly normal) at t — 0. 

Proposition 6.3. (cf. [Bj Proposition 4.2],) Let a G F be a vector at t = 0. 

(1) Then, there exists a G A n ~ q '°(X, E) such that [a] G H°(Y,F) with the following 
three properties: (1) a\ Xo = a , 

(2) d g [a] = at t = 0, 

(3) rf\x A c<Jq +1 = for any j, where da = if A dtj. 

(II) If the function y i— > dimH°(X y , Q x ~ q (E y )) is constant around t = 0, one can take 
a in (I) with the following additional fourth property: 

(4) /-^ Uo — for any j , where dhcr = ^ A dtj. 

Proof. (I) A local extension as in (1) and (2) is possible for any Hermitian vector bundle. 
Hence we start with a local extension [a] G H°(Y, F) satisfying (1) and (2). We write da = 
^2 V j ^dtj. By Lemma O (4), we have [rf Au q+1 )\ Xo = da^ for some a J G A n ' q+l (X , E ). 
By the Lefschetz isomorphism on forms ( |Huy[ 1.2.30]), we can write a J = V AWq +1 for 
some &j G A n ~ 9 ^ 1 '°(X , E ). We take smooth extensions V G A n ~ q ~ 1>0 (X, E) so that 
V\x = b 3 Q , and we let a = a — A dtj G A n ~ q '°(X, E). We check [a] is what we are 
looking for. Since [a] = [a] in A n ~ q >°(X/Y, E), we see [a] G H°(Y,F), and (1) and (2) for 
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a. Moreover da = J2{v j ~ dV) A dtj, and (rf - W)\ Xa A to q+1 = da^ - d(% A u q +1 ) = 0. 
Hence we have rf(a)\x A lo^ +1 = 0, i.e., (3) for a. 

(II) We assume that the function y *—>■ dim H°(X y , Q x ~ q (E y )) is constant around t — 0. 
We take a G A' 1_ ' 3 ' (X, £") which satisfies all three properties in (I). We write dh<y = 
A dtj and da = ^T/if A dtj. By Lemma 16.11 and 16.21 for every j, there exists 
£o G A n_9_1 ' (Xo, E ) such that = fi j \x and that 9^ is primitive. We take £ J G 

A n -i- 1 '°(X, E) such that £ J |x = £o f° r every j. We consider a = a — ^ 
Since [a] = [a] in A n ~ g '°(X, E), we see [a] G H°(Y,F), and (1) and (2) for 5. We have 
dh? = ~ &h&) A dtj and 9a = ^2(rf — d£ j ) A dtj. The property (3) for a follows 

from the primitivity of rf\x for a and of (d^)\x = <9£q- The property (4) for a follows 
from t*>\ Xo - (d h £ j )\x = 0. □ 

6.3. Nakano semi-positivity. 

Proposition 6.4. Let a u . . . , a m G A n - q '°(X, E) with [ax], [a m ] G H°(Y, F) and sat- 
isfying the properties (3) and (4) in Proposition \6.3l Then TddT([a]) t =o < in 



Notation\5.7\for these ax, ■ ■ ■ ,a r , 



Proof. We will use the notations in 15.71 By the property (4) in Proposition 16.31 we 
have fi\x = 0. The property (3) in Proposition 16.31 implies that r]\x is primitive. In 
particular, by using Lemma I2TTI — f x (c n _ q /q\)(tj q A i] A hfj)\ Xo = IMx ||I the square 
norm with respect to ujq and ho. Then the formula in Lemma [5.81 is 



2 



-V-lddT([a]) t=0 = f*((c N /q\)u q A V-l<d h A a A ha) t=0 + \\v\x \\ ho - 
The right hand side is non-negative, since the curvature Oh is Nakano semi-positive. □ 

Corollary 6.5. (F, g) is Nakano semi-positive, and hence so is R q f*Q X / Y (E). 

Proof. Since g is a smooth Hermitian metric of F, to show the Nakano semi-positivity, it 
is enough to show it on the complement of an analytic subset of Y. By Grauert QGR, 
10.5.4] |Hal III. 12. 8, 12.9]), there exists an analytic subset Z C Y such that the function 
y i — > dimH°(X y , Q r x ~ q (E y )) is constant on Y \ Z. We apply the criterion in Lemma I5T61 at 
each point on Y \ Z. Then thanks to Proposition 16.31 Proposition 16.41 in fact shows that 
g is Nakano semi-positive on Y \ Z. □ 
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